Finite nonassociative division algebras (i.e., finite semifields) with 243 elements are completely classified.
If B = [x 1 , . . . , x 5 ] is a F 3 -basis of a presemifield D, then there exists a unique set of constants A D,B = {A i 1 i 2 i 3 } 5 i 1 ,i 2 ,i 3 =1 ⊆ F 3 such that
A i 1 i 2 i 3 x i 3 ∀i 1 , i 2 ∈ {1, . . . , 5}
This set of constants is known as cubical array or 3-cube corresponding to D with respect to the basis B, and it completely determines the multiplication in D. If D is a presemifield, and σ ∈ S 3 (the symmetric group on the set {1, 2, 3}), then the set
is the 3-cube of a presemifield. Different choices of bases lead to isotopic presemifields. Up to six projective planes can be constructed from a given finite semifield D using the transformations of the group S 3 . So, the classification of finite semifields can be reduced to the classification of the corresponding projective planes up to the action of the group S 3 . Finite semifields of order 243 can be constructed from sets of matrices with certain properties [4] 1. A 1 is the identity matrix I; 2.
3. The first column of the matrix A i is the column vector e ↓ i with a 1 in the i-th position, and 0 everywhere else.
In such a case, the set {B ijk } d i,j,k=1 , where B ijk = (A j ) ik , is the 3-cube corresponding to D with respect to the canonical basis of F 5 3 .
If we identify the elements of F 3 with the natural numbers {0, 1, 2}, then we can use the following convention to represent a semifield D of order 3 5 . Let S D = {A 1 , . . . , A 5 } be one of its standard bases. Since the first column of A i has always a one in the i-th position and zeroes elsewhere, we can encode A i as the natural number 19 j=0 a j 3 j , where 
For a concrete representation of the semifield one can identify the semifield with F 5 3 , and the multiplication with x * y = 5 i=1 x i A i y, i.e., A i is the matrix of left multiplication by the element e i , where {e 1 , . . . , e 5 } is the canonical basis of F 5 3 . So, the elements of the standard basis are simply coordinate matrices of the linear maps
The following result shows that, in order to classify finite semifields of order 243, it is possible to impose for extra conditions on the standard bases. 
where C(p(x)) is the companion matrix of the polynomial p(
Proof. We first show that there exists an element b ∈ D\F 3 (i.e., non-scalar ) such that the characteristic polynomial of the linear transformation
where , the characteristic polynomial of L b has no linear factors, and so it has to be one of the following six polynomials:
The first four polynomials are irreducible, and so the set {1, b, Section 3] , there on the right, here on the left). This provides a standard basis
has one of the forms in equation (1) (notice that D is an isotope of itself).
On the other hand, the last two polynomials have the following factorizations:
Because of [1, Lemma 5] , there exists an isotope D of D and an element c ∈ D such that its minimal function is the first factor. So, because both factors are croprime, we can choose a F 3 -basis of D of the form {1, c, c 2 , d, c * d}. In the corresponding standard basis 
The Semifield Planes of order 243: a classification
We obtained a complete classification of finite semifields of order 243 with the help of the algorithm introduced in [14] . This algorithm searchs for standard bases of division algebras with 243 elements, and classify them according to equivalent S 3 -equivalent semifields. This is done either for partial or for complete standard bases. Our algorithm was processed in parallel in Magerit, a cluster of 1204 nodes eServer BladeCenter (1036 JS20 and 168 JS21, both PowerPC 64 bits). Each JS20 node has two processors IBM PowerPC single-core 970FX (two cores) with 2.2 GHz, 4 GB of RAM and 40 GB of local hard disk. On the other hand, each JS21 node has two processors IBM PowerPC dual-core 970FX (four cores) with 2.2 GHz, 8 GB of RAM and 80 GB of local hard disk. It was installed in 2006 and reached the 9th fastest in Europe and the 34th in the world (Top 500: List from November 2006). In May 2008 it was upgraded to reach 16 TFLOPS. This powerful cluster has allowed us to fill the gap between the commutative and the nonconmutative case.
Next we present the results obtained from our classification (Table 1) . Let us compare the number of S 3 -equivalence classes, semifield planes, and coordinatizing finite semifields which were found, with those previously known [15] .
Number of classes S 3 -action Isotopy Isomorphism
Previously known 7 19 27313 Actual number 9 23 85877 Table 1 : Number of division algebras with 243 elements
As we can see two new S 3 -classes exist, that can not be constructed from commutative semifields. And four new semifield planes of such an order appear. Next we present standard bases of these classes (A 1 is always the identity matrix) ( For these semifields, we have computed some information (see [14] for the notation and details). Namely, the order of their center and nuclei, ZN = (Z, N, N l , N m , N r ) , the list of all principal isotopes, and the order of their isomorphism groups. The length of the orbits in the fundamental triangle (L x , L ∞ , L y ) was also computed given in the form
, if a i cycles of length b i (i = 1, . . . , r) exist. Also, where possible, some information on the autotopism group has been include ( Table 3) . 
